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: A shell-infill composite obtained from optimizing a simply supported beam.
by Lazarov and Wang in [22] . Our method involves and justifies the use of multiple filtering 58 steps ( four smoothing steps and three projections in particular ), in addition to the interpolation 59 of two design fields and a gradient norm operator. Arguably, it sets a new extreme with respect 60 to the number of the involved filtering operations -The most complicated combo of filters 61 so far seems to be the four successive filters for the open-close operation suggested in [19] . 62 Here the four filtering steps and their associated projections are used to control both macro and 63 microstructures. Thus beyond proving the new capability of filtering schemes, our method also 64 demonstrates the good scalability of multiple filtering in density-based optimization. 65 The remainder of this paper is organized as follows. Section 2 describes the shell-infill com-66 posite our method is aiming at. Section 3 presents the material model of shell-infill composites, 67 considering the base, coating, and infill. Section 4 presents the optimization formulation, in-68 cluding local and global volume constraints and sensitivity analysis. Section 5 demonstrates the 69 effectiveness of the proposed formulation on numerical examples. Section 6 concludes the paper. 70 
Problem Statement 71
Before we rigorously define the optimization problem in the following sections, let us il-72 lustrate what optimized structures we are aiming at. The composites resulting from numerical 73 optimization, without post-processing, shall fulfill a few geometric features. The optimized com-74 posite for a sample beam design problem is shown in Fig. 1 . Specifically, the composite structure 75 has a shell with a prescribed thickness (t), and an infill with a prescribed local volume fraction 76 (γ) at each point in the infill. In the discretized setting, the localized volume fraction of ele-77 ment e is defined as the number of solid elements over the total number of elements in a small 78 neighbourhood around element e. In this example, the prescribed local volume fraction is 0.6. 79 In the topology optimization process, the shell, including its shape and topology, evolves givingμ. The smoothed field is subsequently projected, leading to a sharp base structure, ϕ =μ.
102
The smoothing radius (R 1 ) and projection parameters (η 1 and β 1 ) indirectly control the length 103 scale of the base region. The details of the filter implementation are postponed to Section 3.4.
104
To derive the coating layer, a second smoothing (with a filter radius R 2 smaller than R 1 ) is 105 applied, givingφ. This smoothing is necessary since the base density field ϕ is non-smooth 106 across the sharp edges, and the gradient therefore is not defined. The interface between the base 107 region and void is defined by a gradient norm of the smoothed base fieldφ,
Here ∇φ refers to the Euclidean norm of the spatial gradient ofφ. α is a normalization factor 109 defined as the inverse of the maximum possible gradient norm of the fieldφ. It can be analytically 110 determined that α relates to R 2 as
The shell thickness, t, of the projected sharp coating, τ, is prescribed through the smoothing 112 radius R 2 : Rather than prescribing a fixed infill pattern which limits design flexibility [10], the infill 116 evolves from a second design field and is decided by the numerical optimization process. The 117 enrichment field, as we call the infill field, will be superimposed on the plain base region to create 118 fine structures.
119
As illustrated in the top right of Fig. 3 , the second design field, υ, is smoothed (givingυ) and . The constraint will be explained in Section 4.1. Forψ e = 1 (resp.ψ e = 0) it means that 127 all the elements located in the filtering region N e are black (resp. white). The filtering region for 128 element e is defined as
A value ofψ e between 0 and 1 means that some elements in N e are black and some others 130 are white, yet it does not specify which particular elements are black (or white). This allows 131 flexibility for the infill evolving to increase the structural stiffness. interpreted as an interpolation of ψϕ and τ. This type of interpolation has been studied in [23] . 140 We examine this interpolation by considering three extreme cases where the base and coating 141 fields converge to a discrete 0/1 solution.
142
• In the sharp interface defined by τ = 1 in the coating field, the density interpolation (Eq. 5)
• In the base region enclosed by the sharp interface, i.e., defined by ϕ = 1 and τ = 0, the 145 density interpolation reduces to
In other words, in the base region the enrichment infill field ψ will be the output.
147
• In the void region outside the sharp interface, i.e., defined by ϕ = 0 and τ = 0, the density 148 interpolation reduces to
Stiffness Interpolation 150
In line with the density interpolation from three density fields, the stiffness is interpolated 151 from three stiffness fields, each of which resembles the standard SIMP stiffness for one density
where E 0 is the stiffness of the base material. The penalization parameter p = 3 is the same for 154 the three fields. The composite stiffness interpolation differs from the standard SIMP interpola-155 tion where the stiffness is defined as an explicit function of the physical density ρ.
156
For the three extreme cases (the coating, the base, and the void regions) the stiffness function reduces, respectively, to
The above interpolations assume that the infill and shell have the same material with a mass density of m 0 = 1 and a stiffness of E 0 . To allow the possibility of using a different material for the infill, a scaling factor λ m for mass density and a factor λ E for stiffness are applied to the infill field. The interpolations become
The scaling factors λ m and λ E are contained in the interval [0, 1], meaning that the infill 158 is (optionally) made of a lighter, and softer material than the shell material. We use this two-159 material formulation in optimization due to its generality.
160
This two-material formulation reduces to simpler forms in extreme cases. In case of λ m = 1 161 and λ E = 1, the two materials have identical mass and stiffness properties, i.e., reducing to the 162 formulation of a single material. In case of ψ = 1, i.e., prescribing a fully solid infill field, the 163 two-material formulation reduces to the standard coating approach [10]. of the base structure. The smoothing of ψ →ψ is to quantify the local material accumulation. 173 We use the so-called PDE-filter based on a Helmholtz-type partial differential equation [25] .
174
The PDE-filter is efficient for handling large filter radii. Hence, it is beneficial in the current 175 work, since the length scale of the base structure necessitates a large filter radius, e.g., R 1 = 24 in 176 some of test cases. The smoothed density field is implicitly defined as a solution to the Helmholtz 177 PDE:
The scalar-valued r is a length scale parameter. Its value is determined by the filter radius, R, in 179 the standard filtering technique by a convolution operator,
The filter radius R indirectly controls the length scale of the respective field. The four radii in the 181 four smoothing steps generally have different values.
182
The PDE-filter in ψ →ψ serves the same purpose as the convolution filter in the origi- 
m The projection is parametrized by two values, the 'sharpness' value, β, and the threshold value, 
202
In the three projection steps resulting in the physical density field, we choose the same thresh-203 old value of η 1,2,3 = 0.5. We note that an eroded projection by η > 0.5 can be applied to control 204 the length scale. This will be discussed in Section 4.3 where we explore this possibility to control 205 the length scale of the base structure. We consider a standard compliance minimization problem. However, besides a constraint on the global volume as in standard topology optimization, a constraint is imposed on the local volume measure obtained from the second design field. The optimization problem is defined as follows.
Here c is the compliance. U, K, and F are displacement vector, stiffness matrix, and force vector, 
where k 0 is the element stiffness matrix for an element with unit Young's modulus. To prevent 
Here p n denotes the p-norm parameter, to distinguish from the penalization p. This approxima-231 tion reduces constraints Eq. 24 to a single, differentiable constraint, 232 ψ p n ≤ γ.
As p n goes to infinity, the approximation error between the p-norm and max function becomes 
yielding the local volume constraint,
where n is the number of elements. 
where v e is the (constant) element volume, and V * is the maximum allowed volume. structure always tries to exploit the full amount of material. If the global volume allowance for 252 this region is smaller than necessary to spread the infills, (unintended) large void parts will have 253 to be created (see Fig. 5 right) .
254
Since the amount of base region in the concurrent optimization is not known a priori, the idea 255 is that the allowed volume for infill shall be proportional to the area of the base region, rather 256 than merely the area occupied by the sparse infill as in Eq. 29. In particular, assuming that every 257 element takes the grey value of the upper bound γ, the physical density field becomes
The updated global volume constraint, in its normalized version, is 
As can be seen on the right of Fig. 4 , the updated global volume constraint serves the purpose tive, in the sense that the global volume from the real physical density ρ is smaller than that from 262 the approximated densityρ, i.e., 
The two volumes become equal when the infill field takes the upper bound γ for every element.
264
As the infill converges to a discrete 0/1 solution, the left becomes smaller. Consider the simple 265 case of Fig. 5 where the entire design space is a prescribed base region. An upper local volume 266 bound γ = 0.6 leads to a global volume ratio of 0.53 (Fig. 5 left) . can be ensured, resulting from the erosion and dilation projection, respectively.
276
In the context of compliance minimization, the worst case (i.e., the highest compliance value) 277 among the three projections is the density field associated with erosion, since it uses the least 278 amount of material. In the context of shell-infill optimization, while minimizing this worst case 279 indeed ensures a length scale of the base, the coating at some locations is not clearly defined. An 280 example is shown in Fig. 7 (top) for the standard coating approach, i.e., the infill constraint is not mulation. Specifically, the following objective is minimized,
where ω is a weighting factor, and the superscript e in the second term indicates the eroded We note that this combined objective function is an approximate approach to ensure length scale, 291 since it involves a weighting factor. A small ω value leads to a shell which is not well defined, All these sensitivities are elaborated in the following paragraphs.
298
(1) ∂c/∂µ e and ∂c/∂υ e . From adjoint analysis the sensitivities of the compliance objective are:
To derive ∂E i /∂µ e and ∂E i /∂υ e , we rewrite the stiffness interpolation (Eq. 14) by
Considering that ψ(υ) is independent of the first design variable µ, and applying the chain rule 301 and product rule, we arrive at
with
Similarly, considering ϕ(µ) and τ(µ) are independent of υ, this leads to
305
(2) ∂l/∂µ e and ∂l/∂υ e . The sensitivities of the local volume constraint with respect to the design 306 variables has the form
with 308 ∂l ∂ρ j = 1 n 1 n eρ p n e 1/p n −1ρ
To derive ∂ρ i /∂µ e , Eq. 13 is rewritten as
Again, considering that ψ(υ) is independent of µ, and applying the chain rule and product rule, it 310 leads to
with ∂A m /∂ϕ i = λ m ψ i , ∂B m /∂τ i = 1, and ∂C m /∂(ϕ i τ i ) = λ m ψ i .
312
For the design variable υ, we have
with ∂A m /∂ψ i = λ m ϕ i and ∂C m /∂ψ i = λ m ϕ i τ i .
314
(3) ∂g/∂µ e and ∂g/∂υ e . The derivative of the total volume constraint with respect to the design 315 variables is:
The modified densityρ is independent of υ, leading to
∂ρ i /∂µ e is a modified version of Eq. 42 by replacing ψ therein with γ,
(4) Elementary Derivatives. In above formulations, some elementary derivatives (e.g., ∂ϕ/∂µ, 319 ∂τ/∂µ, and ∂ψ/∂υ ) are not included here, but can be found in [10, 8] . 
Results

321
In this section we demonstrate the effectiveness of the proposed topology optimization for 322 different examples. Variations of the optimized structures with respect to different design speci-323 fication will be analyzed, to explain the consequence of the involved parameters.
324
The following parameters are the same for all examples. The constraints aggregation is cal-325 culated with a p-norm value of p n = 8. A penalization p = 3 is used in the stiffness interpolation 326 (Eq. 9) for ψ, ϕ, and τ. A projection threshold 0.5 is used for η 1 , η 2 , and η 3 , while the eroded 327 version of the base takes a value of 0.7. Parameter continuation is applied for the sharpness pa- The second numerical test is a cantilever beam. The design domain and boundary conditions 362 are illustrated in Fig. 10 . Due to symmetry only one half of the design domain is optimized, by 363 using a discretization of 150 × 500 square elements. The resulting half structure is completed by 364 its mirrored image to illustrate a complete structure.
365
The problem is optimized using a total volume fraction of 36%. Different local volume upper Triangular-shaped (macro-)structures perform well for multiple, individually applied loads.
377
Also, so-called rank-3 materials are optimal for microstructures subjected to multiple load cases.
378
Hence, it is interesting to see whether such triangular-shaped structures also appear in the opti- while its contour varies slightly. The uniform infill (right) has a larger compliance value.
404
The improved performance of the optimized infill structures come at the cost of an ex-405 pected decreased local buckling stability in the uni-axially loaded compression regions. Here 406 single scale laminates will have low buckling stability but this may potentially be avoided by an 407 anisotropic filtering approach suggested for the same reasons in our previous work [8].
408 5.5. Two Materials
409
In above tests we have assumed that the infill is made of the same material as the coating 410 layer. The formulation (Eqs. 13 and 14) allows to use a different material representing the infill.
411 Figure 16 shows an optimized cantilever beam using two different materials. The infill density 412 field is grey, representing a relative density of λ m = 0.6. A relative stiffness of λ E = 0.6 is tested 413 for the infill material. Note that when using two different materials, the relative stiffness is not 414 restricted to the Hashin-Shtrikman bounds as in the standard coating approach, which interprets 415 the infill as a structural pattern made of the coating material. In this example it can be observed 416 that in the opening at the left hand side the shell is not well formed around the left corner. This 417 is a side effect of the introduced length scale control, as discussed in Section 4.3. Further studies 418 and modifications may alleviate the issue, but since it only appears sporadically we leave this 419 issue for future studies. 420 Figure 16 : The shell-infill composite with a stiff material (black) for the shell, and a softer material (grey) for the infill.
Conclusion
421
We have presented a topology optimization method for evolving the shell and non-uniform 422
